On an estimate of the spectral radius and spectral abscissa of a matrix  by Lozinskiy, S.M.
LINEAR ALGEBRA AND ITS APPLICATIONS 117 
06 oqeHm CneIcTpaJI~Horo 
paAHyca H cne~~pam~oii 
a6C~XWXJ M&TpHI(bI* 
On An Estimate of the Spectral 
Radius and Spectral Abscissa of 
a Matrix* 
C. M. JIO3HHCHHH S. M. LOZINSKIY 
MaTeMaTwrecnnti I?ACTHTYT AH CCCP Mathematical Institute of the Academy 
.IIeHnnrpan. of Sciences of the USSR, Leningrad 
Communicated by Alan J. Hoffman 
ABSTRACT 
Relations are given connecting the maximum and minimum moduli, and the 
maximum and minimum real part of the eigenvalues of a matrix. These are illustrated 
by examples. 
1. OB03HA=IEHBH 
n-qenoe nonommemHoe PHCJI~. Cno~o “MaTpIqa” 03Ha4aeT 
KBaapaTHyIO MaTp&lqy nOpRAKa 12, 3JIeMeHTbI KOTOpOti CYTb 
KonfnaeKcHbIe wicaa. %IeMeHTld MaTpI14bl A o603HaYaH)Tcsx a,, 
HJILZ [L‘&; ,O(A)(fJ(A)) 03Ha9aeT MaKCElMYM MO~YJIH (MaEECHMYM 
BeIIJeCTBeHHOfi 9aCTLI) CO6CTBeHHblX ¶HCeJI MaTpHqbI A; p(A) Ha3bI- 
BaeTCR CneKTpaJIbHbIM paAHycOM MaTpL14bI A ; M~I npe,qnaraeM 
Ha3BaTb a(A) (npaeoii) CneKTpaJIbHot a6cqlzccol;i MaTpllUbI A. 
ECJIM A MaTpnqa, TO 
tr(A) E $ akk, 
k=l 
* Dedicated to Professor A. M. Ostrowski on his 75th birthday. 
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rae ill, . . . , il, cO6cTBeHHHe YHCJIa MaTPH+I 
anre6pansecKofi KPaTHOCTbH). Mb1 IIHLUeM 
II aHaJIOrll~H0 AJIH L(A). 
S. M. LOZINSKIY 
~4, BbInIlCaHHbIe C MX 
N2(A) BMeCTO (N(L~))~ 
Ecm 1 %mIO, To 2 KOMIIJlt?KCHO conpmXeHHoe eMy wtc.m. ECJIH 
A MaTpllIJa, TO A WTb MaTp&fqa C 3JIeMeHTaMH d,,. 
CEiMBOJIaMM d(A)(w(A)) 6 0 03HawtM ME~HMMYM M~AYJIR (MICIHMMYM 
Be~eCTBeHHOii ¶aCTIf) CO6CTBeHHbIX 411CeJl MaTPH4bI A. 
E 03Ha9aeT eAElHEl’IHYI0 MaTPHqY. 
h’iHOZeCTB0 BWX KBaApaTHbIX MaTpHq IIOpS?AKa 1z 0603HawtM 
2. BCHOMOI’ATEJIbHbIE HPEJJJIOXEHBH 
&MMa 1. nJWTb ill,. . . , il, KOMIIJIeKCHbII? WICJI;L. TOrna 
k=l 
flOKa3aTeZtbCTBO. 
rn. 1, $ 5. 
&MMa 2. nYCTb 
K=2,...,n. Torna 
lk=l 1 l<fl<v<n 
3TO XOPOIIIO H3BWTHO. CM., HanpSiMep, [4] 
flOKaSaTeJIbCTB0. nOJIO?KtiM fiJIR KPaTKOCTH 
T= 21,; A = I&T1 - Re(l,T); 
k=l 
(2) 
tk = a, - Ak nPn k = 2, . . . , n. 
B cmy (2) 12 neimm 1 mpameme, cromqee cnpasa B (1) B @mypmIx 
CKO6KaX, eCTb 
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0THyna cnegyeT pe3ynbTaT. 
JIeMMa 3. IIyCTb fsl'..., cn BeqecTBeHHbIe wuxa n fsl 3 Gk npH 
k=Z,...,n. Torna 
dOKa3aTeJIbCTBO. nOJIal?aR 
tk = a1 - (Tk nPH k=2,...,n 
kI paccy%naH aHaxorwIH0 TOMY, HaK B ~0HasaTenbcTBe JleMMbI 2, 
IlOJIyWM, 9TO BbIpa?HeH-cle, CTOHmee CIIpaBa B (3) B (PklI'ypHbIX 
CKO6KaX,paBHO 
OTHyJJa CJIeAyeT pe3yJlbTaT. 
TeopeMa 1. nycTb A MaTpHqa, &...,An eg co6CTBeHHbIe 
wcna, p(A) = IL,]. Torna 
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L2(A) -i Itr(A)la 
- 1 2 
fl2~~~~0 
(1, - A,(2 - % &tr(A)( - Re(l, tr(ii))) 
~OICa3aTeJIbcTBO. CJIeAyeT Il3 JIeMMbI 2. 
TeopeMa 2. nyCTb A MaTpllqa; &,...,& ei CO6CTBeHHbIe 
smna; ok = Re(&) np~ k = l,...,rt; o(A) = ul. Torna 
o(A) = i Re(tr(A))+ 
- f iR.(tr(A))i")- +2<g,, h- d2}'". 
. . 
flOKa3aTeJIbCTBO. CO6CTBeHHbIe WICJla MaTpHqbI A2 CyTb &2,..., 
A,,,". nOBTOMy 
L2(A) + Re(tr(A2)) = 2 llk)2 + Re 
k=l 
OcTaeTCR IIpHMeHllTb JIeMMy 3. 
3aMesaHne 1. TaK KaH Itr(A)I HerIOCpeACTBeHHO BbIUHCJIRt?TCR 
II0 3JIeMeHTaM A, TO C IIOMO~bIO TeOpeMbI 1 MOlfEHO OIJeHHBaTb p(A) 




a L(A) csepxy. 
IIOJrYYMM 
W)I - Wil, tr(A)) (7) 
OL@HEiBaR (6) Ez (7) TpHBI'IaJIbHO CHm3y 
p(A) &$ + {G (Lz(A) - f jtr(A)[2)y, (8) 
¶TO AOKa3aHO (B ApyrHX 0603Haut?HElrrx) B [I]. KonmecTsa (6) 
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EI (7) MOHCHO 04eHHTb MeHee TPEIBMaJIbHO, f?CJIM ElMeeTCH HH@OPMa- 
IJHH 0 JIOHaJII43a~HH COhTBeHHbIX YMCWI MaTPElqbI, HOJIYUeHHaR, 
HaHpHMep, C IIOMOwbIO KpyrOB hpIIIrOpIIHa. 
Ecm tr(A) > 0, TO 
I$ tr(A)l - Re(h tr(A)) 3 WA) (p(A) - o(A)). 
Ecnn k(A) (0, TO 
12, tr(A)I - Re(& tr(&) > ltr(A)l(p(A) + w(A)). 
npOCTeiiIIIaR OqeHIEa L(A) CBepXy eCTb H3BeCTHOe HepaBeHCTBO 
LUypa : 
(CM., HaIIpHMep, [4] FJI. 1, $ 3). CYweCTBJWT JIjWIIHe, YeM (9) HBHbIe 
OqeHKM &‘i) sepe3 3JIeMeHTbI A; OAHa 183 TaKLlX OqeHOK HeABBHO 
HOJIyseHa B [I]. MJA YTOsHHieM ek! HZGW? B II. 5. 
3aMeYame 2. TaK KaK Re(tr(A)) 14 Re(tr(A2)) HeIIOCpeACTBeHHO 
BbI%fCJIHIOTCH sepe3 3JIeMeHTbI MaTPE14bI .A, TO C HOMOIIJbIO TeOpeMbI 
2 MO?KHO OqeHLlBaTb o(A) CBePXY, eCJIM OqeHHTb z2<p<v<n (G,, - IJ”)~ 
CHEISY, a L(A) mepxy. ECJIH BOCHOJIb30BaTbCSf TPHBElaJIbHOti 
0ueaIcofi 
TO HOJIJ’WM 
o(A) <i- Re(tr(A)) 
+ {~~~L2(A) + iRe(tr(A2)) - k Il(e(tr(A))12)}1’2. (10) 
fieimvfa 4. Ecm A EM,, TO 
(11) 
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fiOKaBaTeJIbCTB0. 3TO E13BeCTHO. CM. [z]. 
&Ill @(A) ecTb BeqecTBeHHaa @YHIEUHH, 0npeneneHHaH Ha M, 
II TaRan, 9~0 
P(A) <@(A) HPH AEM, (12) 
TO B CHJIy JIeMMlJ 
@(E+ hA)-1 
a(A) < lim sup ~ --h- --~~ 
I1+0+ 
3TO AaeT B03M03IEHOCTb IIOJIy¶aTb OIJeHIEH CBepXy &TIH o(A), eCJlLl 
I13BeCTHa OqeHICa BIlAa (12). HpHMep TaIEOrO IIOJlyseHI4R O~eHKll AJIfI 
a(A) AaH B[3]. OTivewiM,Y~o +opMyJIa(5)MOrna 6~ 6bITb HonyseHa, 
eCJIM BaMeHHTb B (4) A Ha E +/%A II BOCIIOJIb30BaTbCR JIeMMO3 4. 
OnHaHo TaHoe aoHa3aTenbcTBo Teopeivbx 2 caoxmee, 9eiv ,qaHHoe 
BbIIHe. 
TeopeMa 3. Ecnx AEM,, TO 
6(E + hA) - 1 
w(A)= lim -~~~ . 
h-+0+ Jz 
(13) 
~OHa3aTeJIbCTBO. Cpew CO6CTBeHHbIX gncen MaTpHIJbI A, 
BeqeCTBeHHaH 9aCTb IEOTOpbIX paBHa w(A), B03bMeM TO, y IcOTOpOrO 
a6COJHOTHaH BWIkI=IllHaMHLIMOti gaCTH HaHMeHbIHaH. nyCTb a(A)+iit 
eCTb 3T0 CO6CTBeHHOe YHCJIO. Torna IIpll BWX AOCTaTO'IHO MaJIbIX 
h> 0 HMeeM 
6(E + hA) = 11 + ha(A) + ihtl 
0THyna cnenyeT (13). 
OTMeTElM eI@ OYeBIqHOe COOTHOIIIeHHe o(A)= -(T(-A). 
5.YTOFIHEHDE HEPABEHCTBA ILIYPA 
TeopeMa 4. nycTb AEM,. &IH nm6oro MHOmeCTBa HaTy- 
paJIbHbIX W,iCe.JI icC{l,...,?%} IIOJIOlfFHM 
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Torna 
L2(A) <W(A) - (max \VR, - I;C,l}". 
x 
(14) 
A oKa3aTenbcTBo. @,MrccqyeM KC{1,...,12}. ECJIIJ R,#O TO 
IIOJIOHWM 
IIycTb D ecTb flmaroHaJrbaaH MaTpEiqa, 0npegeneHHaR @op~ynoSi 






N2(DAD-1) = N2(A) - jvx - lic,l”. (15) 
HepaBeHcTBo (15) AoIEaaaHo noKa np14 R,#O. Paccy?K~eH&ieM no 
HeIIpepbIBHOCTH y6enHMcqY~O 0~0 BepHo EI 6e3 3~0rO OrpaHwIeHaH. 
TaK KaK 
L(A) = L(DAD-1) < N(DAD-l) 
TO 
IIpEl BCeX KC{l,...,?Z}, OTIEyAa CJIeAyeT pe3yJlbTaT. 
ECJIH K COCTOHT M3 OAHOrO YEICJIa, TO HepaBeHCTBO (14) eCTb 
yIIOMHHyTasI B HOHUe 3aMeYaHHR 1 OqeHKa E13 [I]. &IR_MaTpHIJ 
3-20 nopqEa TeopeMa 4 M 3Ta oqeHKa coBnanaIoT. 
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tr(A) = 0, tr(A2) = - 12. 
&NfMeHHIR TeOpeMy 4 (TX!. $XlKTlWeCIELI OIJeHKy I43 [I], CM.II.5, 
nocnenHnfi a63aq), IIOJIyWM L2(A)< 13. n0 HepaBeHCTBy (10) 
MMeeM 
n0 (8) IIOJIy%iM 
no HepaBeHcTBy 
a(- A)< l/V3 H, 






7 = 2.944(-). (18) 
(lo), IIpHMeHeHHOMy IE MaTpllqe --A, IIOJIyWM 
CJleAOBaTeJIbHO, 
w(A)> -1. V3 W! 
TaEc KaK det(A) = 2, TO (CM. (17) II (19)) CyIQeCTByeT napa COIIpH?K- 
eHHbIX MHHM~IX CO6CTBeHHbIX WceJI. ECJIH A, M jl, cy~b aTH cO~CT- 
B~HH~I~UZICJI~,TO & BeIIJecTBeHHoe co6cTBeHHoe WICJIO EI lil,l <l/V% 
qT0 BJIe9eT jj1,12 = [iz$ > 2v3. TaK HaK tr(A) = 0, TO Re(R,) II 
Re(il,) IIMeIOT pa3HbIe SHaICH, a IIOTOMy 
jl, - L,/Q p,p> 21/s. (20) 
nOACTaBJIlW OqeHKy, 06pa30BaHHyIO KPatiHHMH WIeHaMH l&eIIO¶IW 
(20), B TeOpeMy 1, IIOJIy¶llM 
P(A) < f 13 - f 2 VT = 2.741(-) 
9~0 yqsruaeT (18). 
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